Abstract
Introduction
Let B(H) denote the algebra of all bounded linear operators on a complex separable Hilbert space H. A unitarily invariant norm |||·|||, is a norm on an ideal C |||·||| of B(H), making C |||·||| a Banach space and satisfying |||UXV ||| = |||X||| for all X in B(H) and all unitary operators U and V in B(H). The Hilbert-Schmidt norm · 2 is one of the most important unitarily invariant norms, this norm is defined by 
with equality if and only if (1 − p)a = b (see, e.g., [5] ).
The main purpose of this paper is to give inequalities related to operator versions of the inequality (1) and to investigate the equality conditions of some of these inequalities. It should be mentioned here that the results in Section 3 are based on a result of Voiculescu [6] , which asserts that every normal operator can be expressed as a diagonal operator plus a Hilbert-Schmidt operator with arbitrary small Hilbert-Schmidt norm.
Operator Bohr's inequality
The following result forms a generalization of the inequality (1).
Theorem 1. Let A, B ∈ B(H) and p, q > 1 with
where |X| = (X * X) 1/2 is the absolute value of the operator X.
Proof. First observe that
and
It follows that 
The proof is complete. ✷
As a consequence of Corollary 1 we have the following result. 
Corollary 2. Let A, B ∈ B(H) and p > 1. Then
±(A * B + B * A) (p − 1)|A| 2 + 1 p − 1 |B|
Proof. The result follows by applying Corollary 1, first to the operators A, B and second to the operators A, −B. ✷
In order to give operator norm versions for Bohr's inequality, we need the following two lemmas, for more details the reader may refer to [2] . 
Lemma 1. Let A, B, X ∈ B(H) such that
Also, it follows, from Corollary 1, that
Now, the result follows from (2) and (3). ✷
A well-known theorems of Ky Fan, that are useful in the theory of unitarily invariant norms, are Fan Dominance Theorem and Fan's Maximum Principle, see [1] or [4] . The first says that if A, B are compact operators in B(H), then the following two conditions are equivalent:
(1) |||A||| |||B||| for all unitarily invariant norms. Proof. By replacing A and B, in Lemma 2, by p|A| 2 , −q|B| 2 we have
Now, according to Corollary 1 and the inequality (4), we may assume that |A − B| is compact. Let {e j } be an orthonormal basis of H and {s j (|A − B|)} be a sequence of nonnegative real numbers such that |A − B|e j = s j (|A − B|)e j , for all j ∈ N. Moreover, 
Now, the result follows from (4) and (6) . The proof is complete. ✷
A commutator form for Bohr's inequality
A refinement of the scalar Bohr inequality (1) can be derived from Theorem 1 as follows. Let a, b be complex numbers and p, q > 1 with 1/p + 1/q = 1 and p q. Then
